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DIFFERENTIATION: 
Definition and Basic Derivative Rules 

NOTES

𝑓𝑓′ 𝑎𝑎 = lim
𝑥𝑥→𝑎𝑎

𝑓𝑓 𝑥𝑥 − 𝑓𝑓(𝑎𝑎)
𝑥𝑥 − 𝑎𝑎





Lesson 1: Rates of Change and the Tangent Line Problem 

In plane geometry, we learned that a SECANT LINE is a line that intersects a circle, or some other 
curve, in two places. We also learned that a TANGENT LINE is a line that intersects a circle at one point.

In our study of differential calculus, we need to clarify, classify, and truly understand these two big 
ideas. For general curves, we need a better definition. We will be concerned with the tangent line 
drawn at a point on a curve.  

Most of us believe that a tangent to a curve is a line that intersects the curve at exactly one point. 
However, in the figure below, you can see that the tangent line touches the curve at several points.  So 
a better way to describe a tangent line would be to say,

Topic 2.1: Defining Average and Instantaneous Rates of Change at a Point

Not tangent to 
the curve at Q

Tangent to 
the curve at P

This idea will help us find the slope of the curve at a point.  Also, that this slope of the curve at a 
specified point will be referred to as the SLOPE OF THE TANGENT LINE, INSTANTANEOUS RATE OF 
CHANGE, or DERIVATIVE.

The most important thing to note here is that the tangent to a curve at any given point is unique. 
A function 𝑓𝑓 that has a defined slope at 𝑥𝑥 = 𝑎𝑎 has two things in common with its tangent at 𝑥𝑥 = 𝑎𝑎.

1. The point of tangency, 𝒂𝒂,𝒇𝒇 𝒂𝒂
2. The slope at the point of tangency, denoted

by 𝒇𝒇′(𝒂𝒂), read 𝒇𝒇 prime of 𝒂𝒂.

Any function with a defined slope at a 
specific point will have one and only 

one tangent line at that point.

A tangent to a curve at a point is the line that best models, or approximates, the 
behavior of the curve at that point. 
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Average Rate of Change and Secant Lines

A secant line is a line joining two points on a function.  Finding the slope of the secant line through 
two points 𝑃𝑃 𝑎𝑎, 𝑓𝑓 𝑎𝑎 and 𝑄𝑄 𝑏𝑏,𝑓𝑓 𝑏𝑏 will give you the average rate of change over the interval [𝑎𝑎, 𝑏𝑏]. 
You have known how to do this since your first algebra class, we just have new notation.

Average Rate of Change

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
∆𝑦𝑦
∆𝑥𝑥

= 𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠 =
𝑓𝑓 𝑏𝑏 − 𝑓𝑓 𝑎𝑎
𝑏𝑏 − 𝑎𝑎

∆𝑥𝑥

∆𝑦𝑦

EX #1: Find the average rate of change of 𝑓𝑓 𝑥𝑥 = 𝑥𝑥3 − 3𝑥𝑥 over the interval [1, 3]. 

Finding the slope of the tangent line at a point will give us the instantaneous rate of change at that 
point.  However, we only have a single point, so using the average rate of change formula will produce 
an indeterminate form. 

𝑓𝑓 𝑎𝑎 − 𝑓𝑓(𝑎𝑎)
𝑎𝑎 − 𝑎𝑎

=
0
0

Moving on to PLAN B…Let’s choose a second point that is extremely close to our point of tangency.  We 
can call it Point Q.  Then, we can algebraically estimate the slope of our tangent line.  All we need to do 
is add a really small amount (let’s call this amount h) to our point P in order to create that arbitrary 
point Q, and this would give us a secant line.

Instantaneous Rate of Change and Tangent Lines

EX #2: Use the two points, P and Q, in the average rate 
of change formula to find the slope of the secant 
line.  If we move point Q directly on top of point 
P when h goes to zero.
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Although the slope of the curve is always changing,  we know the slope of any line is constant, even our 
tangent line.  So, let’s apply the limit rules to our rate of change.  As h approaches 0, we can use our 
algebraic techniques and then evaluate the limit to find the slope of the tangent line at that single 
point.  

Slope of a Curve at a Point 
The slope of the curve 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) at the point 𝑃𝑃 𝑎𝑎, 𝑓𝑓 𝑎𝑎 is the number

Provided the limit exists.

𝑚𝑚 = lim
ℎ→ 0

𝑓𝑓 𝑎𝑎 + ℎ − 𝑓𝑓(𝑎𝑎)
ℎ

Slope of a Curve at a Point

The expression  𝑓𝑓 𝑎𝑎+ℎ − 𝑓𝑓 𝑎𝑎
ℎ

is called the difference quotient.  Using algebra, your goal will be to 
simplify the difference quotient.  Then, you can evaluate the limit as h goes to zero.  This exercise will 
produce a number value if you correctly divide out the h in the denominator. 

EX #3: For each function given below, find 𝒇𝒇(𝒂𝒂) and 𝒇𝒇(𝒂𝒂 + 𝒉𝒉)

A. 𝑓𝑓 𝑥𝑥 = 1
2𝑥𝑥

B. 𝑓𝑓 𝑥𝑥 = 3𝑥𝑥 − 2

C. 𝑓𝑓 𝑥𝑥 = 2𝑥𝑥 − 𝑥𝑥2 D. 𝑓𝑓 𝑥𝑥 = 3
𝑥𝑥 + 1

Using the difference quotient correctly has some challenges and pitfalls.  Let’s be sure you understand 
the notation.  

Using the Difference Quotient
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EX #4:  Given the function 𝑓𝑓 𝑥𝑥 = 𝑥𝑥2 , use the difference quotient to find the slope of the curve 
at the point (3, 9).

Since the slope of a tangent line is a limit, this would be a good place to discuss what happens when 
limits fail to exist.  The slope of the tangent line might not exist because the limit doesn’t exist 
(discontinuity, vertical asymptote, or oscillating function) or because the tangent line has a vertical 
slope.  
In the case of a tangent line that exists, but has an undefined slope (that is, a vertical tangent line), we 
will use the following definition. 

Vertical Tangent Line

If f  is continuous at a and  

lim
ℎ→ 0

𝑓𝑓 𝑎𝑎 + ℎ − 𝑓𝑓(𝑎𝑎)
ℎ

= ±∞

then the line 𝑥𝑥 = 𝑎𝑎 is a vertical tangent line to the graph of f.

Writing Equations of Tangent Lines

Remember that writing the equation of a line requires a point and a slope.  It follows that we should be 
able to write an equation for the tangent line through a given point since we can find the slope by the 
limit process and we are given either a point or an x-coordinate.  In Calculus, we will focus on using 
Point-Slope Form of a line 𝒚𝒚 = 𝒎𝒎 𝒙𝒙− 𝒙𝒙𝟏𝟏 + 𝒚𝒚𝟏𝟏.

EX#5:   Write the equation of the tangent line for 𝑦𝑦 = 𝑥𝑥2 at the point 3, 9
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Normal Line 

The normal line to a curve at a point is the line perpendicular 
to the tangent line at that point.  To find the slope of the normal 
line use the opposite reciprocal of the slope of the tangent line.

EX #6:  Let 𝑓𝑓(𝑥𝑥) = 1
𝑥𝑥 + 3

A. Use the limit definition to compute the slope of the tangent line at  𝑥𝑥 = 𝑎𝑎.

B. Find the slope of the curve at 𝑥𝑥 = −1

C. Write the equation of the tangent line to the curve at 𝑥𝑥 = −1.

D. Write the equation of the normal line to the curve at 𝑥𝑥 = −1.

E. Use the equation from C to estimate the value of 𝑥𝑥 = −1.1
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EX #7:  YOU OWN IT!  Let’s summarize our findings.  

Given the graph of the function 𝑓𝑓 𝑥𝑥 = 4𝑥𝑥 − 𝑥𝑥2 shown at right, 
determine how fast is the graph of 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) changing at 𝑥𝑥 = 1.  
That is, what is the slope of the tangent line at 𝒙𝒙 = 𝟏𝟏?

A. Use your calculator to evaluate the average rate of
change (slope of the secant line) between the
point  (1,𝑓𝑓 1 ) and (1.001,𝑓𝑓(1.001).  Be sure to
show the difference quotient.

B. Find the average rate of change between the points 1,𝑓𝑓 1 and 1 + ℎ , 𝑓𝑓 1 + ℎ

C. What happens to the secant lines between the points 1, 𝑓𝑓 1 and 1 + ℎ , 𝑓𝑓 1 + ℎ as h goes
to zero?

D. Find a general formula for finding the slope of the tangent line at any point by using the points
𝑥𝑥, 𝑓𝑓 𝑥𝑥 and 𝑥𝑥 + ℎ,𝑓𝑓 𝑥𝑥 + ℎ
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Lesson 2: Tangent Lines and the Derivative

There are two main concepts in calculus, known as the tangent line problem (derivatives) and the 
area problem (integrals).  Both of these big ideas are related to limits.  
In the previous lesson,  we applied the difference quotient to a function 𝑦𝑦 = 𝑓𝑓(𝑥𝑥), and found a general 
“slope formula.” This calculated the slope of a tangent line at any point on the curve, provided the limit 
exists at that point.  This general “slope formula” is also a function and is called the derivative 
function of 𝑓𝑓 𝑥𝑥 or 𝑓𝑓′(𝑥𝑥) [read as “f prime of x”].  A function that has a derivative at a point is said to 
be differentiable at that point.

Topic 2.2: Defining the Derivative of a Function and Using Derivative Notation

Definition of the Derivative

The derivative of the function f with respect to x is the function 𝑓𝑓′ whose value at x is 

provided the limit exists.

NOTE: The domain of 𝑓𝑓′, which consists of all values of x in the domain of  𝑓𝑓(𝑥𝑥) for which 
the limit exists, may be smaller than the domain of 𝑓𝑓. If 𝑓𝑓′(𝑥𝑥) exists, we say that 
f is differentiable at x.

𝑚𝑚 = 𝑓𝑓′ 𝑥𝑥 = lim
ℎ→ 0

𝑓𝑓 𝑥𝑥 + ℎ − 𝑓𝑓(𝑥𝑥)
ℎ

Using Proper Notation:

There are many ways to denote the derivative of a function, 𝑦𝑦 = 𝑓𝑓(𝑥𝑥).  Some of the more common 
notations we will use are shown below.

Notation for 
derivatives:

Read as: Benefits and pitfalls:

𝒇𝒇′ 𝒙𝒙 “𝑓𝑓 prime of x”
Formal, names the function and the 

independent variable 

𝒚𝒚′ “y prime”
Shorthand, brief, but this doesn’t name the 

independent variable 

𝒅𝒅𝒚𝒚
𝒅𝒅𝒙𝒙

“dy dx” or “the derivative of  y
with respect to x”

Uses d for derivative and names 
both variables; awkward to use

𝒅𝒅𝒇𝒇
𝒅𝒅𝒙𝒙

“df dx” or “the derivative of  f
with respect to x”

Emphasizes the function’s name;
awkward to use.

𝒅𝒅
𝒅𝒅𝒙𝒙

𝒇𝒇(𝒙𝒙)
“d dx of f at x” or “the derivative 

of f at x”
Shows that differentiation is an 

operation performed on f.
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Graphically: The derivative of a function at a point P is the slope of a tangent line to the graph 
of  𝑦𝑦 = 𝑓𝑓(𝑥𝑥) at 𝑃𝑃.

Numerically: The derivative at a point is the limit of slopes of the secant lines or the limit of  
the difference quotient.

Verbally:       A function 𝑓𝑓 is said to be “differentiable” at a point 𝑎𝑎, 𝑓𝑓 𝑎𝑎 if and only if it has a 
defined slope at 𝑥𝑥 = 𝑎𝑎.  If a function does not have a tangent at a specified point, then 
the function cannot have a slope there either. 

The Limit Definition of the Derivative 

EX #1:   Use the limit process of the derivative to find the general formula,  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

for the derivative 
of  𝑓𝑓 𝑥𝑥 = 2𝑥𝑥2 − 3𝑥𝑥.

EX #2:  Given 𝑦𝑦 = 𝑥𝑥2 − 𝑥𝑥 , use the definition of derivative to find 𝑓𝑓′(𝑥𝑥). 
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EX #3: Use the alternate form of the derivative to find 𝑓𝑓′(𝑎𝑎) for  𝑓𝑓 𝑥𝑥 = 3𝑥𝑥 + 1 at  𝑎𝑎 = 1.

ALTERNATE FORMS OF THE DERIVATIVE:

The numeric value of the derivative at a point 𝑥𝑥 = 𝑎𝑎 is also found by:

𝑓𝑓′ 𝑎𝑎 = 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 = lim
ℎ→0

𝑓𝑓 𝑡𝑡+ℎ −𝑓𝑓 𝑡𝑡
ℎ

or   by 𝑓𝑓′ 𝑎𝑎 = lim
𝑑𝑑→𝑡𝑡

𝑓𝑓 𝑑𝑑 − 𝑓𝑓(𝑡𝑡)
𝑑𝑑−𝑡𝑡

provided the limit exists.  
For all a for which the limit exists,  𝑓𝑓′(𝑥𝑥) is a function of a.

Observations for using the derivative formulas:

When finding the derivative at a point, there are two approaches.  You can either find the general 
formula first and substitute your x-value, or your can substitute the x-value from the start.

Question Types and Equivalent Terminology:

If given one point, 𝒂𝒂, 𝒇𝒇 𝒂𝒂 , you are finding: If given two points, 𝒂𝒂, 𝒇𝒇 𝒂𝒂 and 𝒃𝒃,𝒇𝒇 𝒃𝒃
you are finding:

 Instantaneous rate of change at 𝑥𝑥 = 𝑎𝑎

 Slope of the tangent line

 Derivative at 𝑥𝑥 = 𝑐𝑐

 𝑓𝑓′ 𝑐𝑐 = lim
ℎ→0

𝑓𝑓 𝑡𝑡+ℎ −𝑓𝑓 𝑡𝑡
ℎ

 Average rate of change on the interval [𝑎𝑎, 𝑏𝑏]

 Slope of the secant line


𝑓𝑓 𝑏𝑏 −𝑓𝑓 𝑡𝑡

𝑏𝑏 −𝑡𝑡
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EX #4:  Find the slope of the tangent line to the hyperbola 𝑦𝑦 = 2
𝑑𝑑

at 𝑥𝑥 = 3 .

A. Using  𝑚𝑚 = lim
𝑑𝑑 →𝑡𝑡

𝑓𝑓 𝑑𝑑 −𝑓𝑓 𝑡𝑡
𝑑𝑑 −𝑡𝑡

B. Using lim
ℎ → 0

𝑓𝑓 𝑡𝑡+ℎ −𝑓𝑓 𝑡𝑡
ℎ

Verbally speaking, you are finding all of the following:

1. The slope of the tangent line to f at 𝑥𝑥 = 𝑎𝑎
2. The instantaneous rate of change of f at 𝑥𝑥 = 𝑎𝑎
3. The derivative of f at 𝑥𝑥 = 𝑎𝑎
4. The limit of the difference quotient of f at 𝑥𝑥 = 𝑎𝑎

Topic 2.3: Estimating Derivatives of a Function at a Point
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EX #5:  Grab some colored pencils and a ruler.

Understanding the Derivative Graphically

The graph of the function 𝑦𝑦 = 𝐹𝐹(𝑥𝑥) at right, is 
differentiable on the interval 𝑎𝑎,𝑎𝑎 + ℎ .

Instructions:  
Use the expression in Column I:
1. State whether the expression represents a

length or a slope.
2. Draw the geometric representation of the

expression on the graph of F using
• A blue pencil to represent any length
• A red pencil to represent any slope

Notation Length or Slope? Terminology

1. 𝑓𝑓(𝑎𝑎)

2. 𝑓𝑓(𝑎𝑎 + ℎ)

3. 𝑓𝑓 𝑎𝑎 + ℎ − 𝑓𝑓(𝑎𝑎)

4. ℎ

5.  𝑓𝑓 𝑡𝑡+ℎ −𝑓𝑓(𝑡𝑡)
ℎ

6. lim
ℎ → 0

𝑓𝑓 𝑡𝑡+ℎ −𝑓𝑓(𝑡𝑡)
ℎ

7. 𝑓𝑓′(𝑎𝑎)
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EX #6:  Each of the following expressions represents the derivative of some function 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) for 
some value, 𝑥𝑥 = 𝑐𝑐.  Identify the function 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) and the value for 𝑥𝑥 = 𝑐𝑐.

A. B. 

C. D.

E. F.

Understanding the Derivative Symbolically

lim
ℎ→0

ℎ + 4 − 2
ℎ

lim
ℎ→0

tan 2 2 + ℎ − 𝑡𝑡𝑎𝑎𝑡𝑡 4
ℎ

lim
𝑑𝑑 →3

𝑥𝑥 − 1 2 − 4
𝑥𝑥 − 3

lim
ℎ→0

𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐 𝜋𝜋+ℎ − 𝑒𝑒−1

ℎ

lim
ℎ→0

1
ℎ
𝑙𝑙𝑡𝑡

6 + ℎ
6

lim
𝑑𝑑 →−2

3 𝑥𝑥 − 6 − 3 −8
𝑥𝑥 + 2

Oftentimes you will be asked to extend your knowledge base for operations in calculus where you 
need to recognize functions, procedures, processes, theorems, and properties.  You might also need to 
“decompose or deconstruct” mathematical operations symbolically.  Here is a sample of such instances. 
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Local Linearization

EX #1:   Exploration

Use a graphing utility to graph 𝑦𝑦 = sin 𝑥𝑥 .  Let’s investigate the neighborhood around the origin.  Use 
the “Zoom-In” feature of the calculator at the origin 4 times.  

A. Can you estimate the slope of this portion of the sine curve by inspection of this window?

B. What can you say about the slope of the tangent line at 𝑥𝑥 = 0 on the function 𝑦𝑦 = sin 𝑥𝑥 ?

C. Write the equation of the tangent line for 𝑦𝑦 = sin 𝑥𝑥 at 𝑥𝑥 = 0 .

Lesson 3: Understanding the Derivative and Linear Approximations

There are times when we are interested in finding the “effect of small change.” For example, how is the 
revenue at your local theatre affected by a small change in the ticket price for a movie?   We can explore 
an application of the tangent line to a function, called the Linear Approximation. 

You have already seen that a curve lies very close to its tangent line near the point of tangency. If you 
zoom in repeatedly on the graph of 𝑓𝑓 at the point 𝑎𝑎, 𝑓𝑓 𝑎𝑎 , the function will appear to be linear. When 
you have zoomed in to a sufficiently small neighborhood around the point of tangency, it would be 
difficult to distinguish the function from its tangent line.  This property of differentiable functions is 
commonly referred to as “Local Linearity.” 

Topic 2.3: Estimating Derivatives of a Function at a Point
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EX #2:  Sketching Tangent Lines In each figure below, use a straight edge to draw a tangent line 
beyond the point of tangency in each direction. 

A.   B.   

C. D.

Function Behavior Related to Tangent Line Position

Topic 2.3: Estimating Derivatives of a Function at a Point

EX #3:  The position of the tangent line (relative to the function it models) depends on the concavity of 
the function at the point of tangency. Throughout the course you will be required to explain, 
justify, and defend your knowledge using proper terminology and precision. Use the graphs 
from EX #2, above to complete the following statements.

A. When the curve is concave up, the tangent line lies ________________________________________________.
(except at the point of tangency)

B. When the curve is concave down, the tangent line lies ____________________________________________.
(except at the point of tangency)

C. At a “turning point,” max/min, the tangent is ____________ or ______________________________________.

D. At a “point of inflection” concavity changes, the tangent is _______________________________________.

E. At a “sharp” corner or “cusp”, the tangent _________________________________________________________.

F. At a point on a linear function, the tangent is _____________________________________________________.
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EX #4:  Consider the radical function 𝑦𝑦 = 𝑥𝑥 . 

A. Use the difference quotient to find the slope of the curve at 𝑥𝑥 = 9.

B. Write the equation for the linear approximation of f near 𝑥𝑥 = 9.

C. Use the equation in B to estimate the value for 9.1 .  Do not use a calculator. Show your work.

D. Graph the function and its tangent
line at 𝑥𝑥 = 9.

E. Explain whether your answer to C is an overestimate or an under-estimate for the actual
value of 9.1 .  Justify your answer by reference to the behavior of the graph of 𝑓𝑓 𝑥𝑥 = 𝑥𝑥 .

F. Find the true value of  9.1

G. Would your linear approximation formula be an accurate tool to estimate 25 ? Why or why not?

Topic 2.3: Estimating Derivatives of a Function at a Point
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EX #5:  Use the graph of the continuous function 𝑦𝑦 = 𝑔𝑔(𝑥𝑥) shown below to complete the table.  

𝒙𝒙 = 𝒂𝒂 Derivative 
Estimate

Point of 
Tangency

Function 
Behavior at 𝒙𝒙 = 𝒂𝒂 Equation of the tangent line at 𝒙𝒙 = 𝒂𝒂

−3

−2

−0.5

1.25

4

We know that the derivative of a function at a 
point represents the slope of the tangent line 
at the point.  

Estimate the value of  𝑔𝑔′ 𝑥𝑥 for each x-value in 
the table by drawing a tangent line through 
the given point of tangency.  Then, estimate 
the slope (derivative) at the point.

Find the y-coordinate of the point of tangency 
and use the point-slope form of an equation to 
write the equation of the tangent line at the 
point 𝑥𝑥 = 𝑎𝑎 for each x-value.  

𝑓𝑓 𝑥𝑥 = 𝑓𝑓 𝑎𝑎 + 𝑓𝑓′ 𝑎𝑎 (𝑥𝑥 − 𝑎𝑎)

Tangent Line Approximation of f at a
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When you plot the motion of an object as velocity vs. time, these are referred to as slope functions or 
𝒇𝒇′ graphs (read as f prime). In the study of calculus and physics, these graphs represent the rate of 
change of the original function. By analyzing these graphs, you can find where changes are occurring 
slowly or quickly by observing the rates of change or slopes of the tangent lines at specific moments in 
time.

Investigating Slope Graphs or “f Prime” Graphs 

EX #6: Consider the function shown at right.  Notice the curve at the first point 𝑥𝑥 = 1
2

, the slope of

the curve here appears to be about 1. Then, at 𝑥𝑥 = 4 the slope has decreased to about  1
3

.  Can
you analyze and sketch the slope graph on the grid below?

Hint:  You know when 𝑥𝑥 = 0.5, 𝑓𝑓′ = 1, and when 𝑥𝑥 = 4,𝑓𝑓′ = 1
3
.

EX#7:  Comparing the graph of 𝒇𝒇 to the graph of 𝒇𝒇′

The 𝑓𝑓′ graph gives us insight into the behavior of the original function. For example, at 𝑥𝑥 = 1 the 
slope on 𝑦𝑦 = 𝑓𝑓 𝑥𝑥 appears to be almost −2.  Therefore, on the 𝑦𝑦 = 𝑓𝑓′(𝑥𝑥) graph the value at 𝑥𝑥 = 1
is almost −2. There are several relationships between the two graphs that are particularly important 
to note. Let’s explore these features in depth. 

Can you find any relationships of your own?
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Investigating Slope Graphs continued . . .

EX #7 (cont.):  When the graph of a function is rising, we will say that the function increases, and 
when the graph is falling, we will say the graph decreases.  It is customary to “read a graph” in much 
the same way as we read a book, from left to right.

A. Starting at the left, on the graph of  𝑦𝑦 = 𝑓𝑓(𝑥𝑥) , state the intervals of 𝑥𝑥 where the graph rises.
What do you notice about the “slope of the curve” on these intervals?

B. Starting at the left, state the intervals of  x where the graph falls.  What do you notice about the
“slope of the curve” on these intervals?

C. At what values of x on the graph of 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) does the function appear to have a maximum or
minimum value?  What is the “slope of the curve” at these points? What characteristic of the
𝑓𝑓′ graph occurs at these points?

D. Now, look carefully at this one. Why does the  graph of 𝑓𝑓′(𝑥𝑥) reach a minimum value near 𝑥𝑥 = 1.5 ?
Can you explain what is occurring at 𝑥𝑥 = 1.5 on the graph of 𝑓𝑓(𝑥𝑥) to create this minimum
on the “slope graph”?

Procedure to Sketch an f/(x) “Slope Graph” from y = f(x)

1. Describe how the slope changes from left to right along the curve. Notice the
intervals where the slope is positive, negative and zero.

2. Write down the changes as they occur from left to right on a number line.
Notice where the x-intercepts occur. Pay attention to where the function is
above the x-axis (positive) and where it is below the x-axis (negative).
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Sketching the Derivative Graphs from the Function Graph

EX#8:  Give it a try! Use the procedure to practice sketching 𝒈𝒈′(𝒙𝒙).

A. Mark the number line above to show values where 𝑦𝑦 = 𝑔𝑔(𝑥𝑥) changes from increasing to

decreasing. At these x-values the slope of the curve is ______________. On the function, we

refer to those values as extrema or ______________________________________________________.

B. Notice how the graph of 𝑔𝑔(𝑥𝑥) changes from concave up to concave down. Estimate the
x-value where this occurs and place this value on the number line to the right. You will see
that this will become either a maximum or minimum value on the graph of the derivative,
𝑔𝑔′(𝑥𝑥) .  This value is commonly known as the point of inflection.

C. Use your summaries to create the graph of the derivative function on the grid at right.
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Derivatives from a Table

One last thing before we go! We’ve seen that it’s possible to estimate the numerical value of a 
derivative at a single point by finding the slope of the secant line passing through two points on 
the graph.  Let’s explore how this can be done using a table of values for a continuous function. 

𝒙𝒙 −4 −2 −1 0 2 3 8

𝒇𝒇(𝒙𝒙) −6 2 4 −1 4 2 0

EX#9:  Use the table of values for 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) to find the derivative for each x-value.  Describe the 
behavior of the function and explain your reasoning.

𝒙𝒙 = 𝒂𝒂 Derivative Estimate
(show work)

Function Behavior 
at 𝒙𝒙 = 𝒂𝒂 Justification

−2

−1

0

2

3

Important Facts and Findings:

1. If 𝑓𝑓′ 𝑥𝑥 < 0, then the graph of the function is ______________________________________ at 𝑥𝑥 = 𝑎𝑎.

2. If 𝑓𝑓′ 𝑥𝑥 > 0, then the graph of the function is ______________________________________ at 𝑥𝑥 = 𝑎𝑎 .

3. A relative maximum occurs on a function if 𝑓𝑓′ 𝑥𝑥 = ________ and the derivative changes from

_________________________________ to _________________________________ .

4. A relative minimum occurs on a function if 𝑓𝑓′ 𝑥𝑥 = ________ and the derivative changes from

_________________________________ to _________________________________ .
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Lesson 4: Differentiability and Continuity 

In this lesson we will investigate the relationship between differentiability and continuity. Our focus 
will be to determine when a function fails to have a derivative.  A function that is differentiable at a 
point is also locally linear at that point. Basically, this is telling us that in order for a function to be 
differentiable at a point, the graph must be continuous and smooth at the point. Remember, when we 
say a function is differentiable, this means the derivative exists or you are able to take the derivative.

Topic 2.4: Connecting Differentiability and Continuity: Determining When Derivatives
Do and Do Not Exist

Differentiability at a Point 

A function 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) is differentiable at 𝑥𝑥 = 𝑐𝑐 if and only if

lim
𝑥𝑥 →𝑐𝑐−

𝑓𝑓 𝑥𝑥 − 𝑓𝑓 𝑐𝑐
𝑥𝑥 − 𝑐𝑐

= 𝐿𝐿 = lim
𝑥𝑥 →𝑐𝑐+

𝑓𝑓 𝑥𝑥 − 𝑓𝑓 𝑐𝑐
𝑥𝑥 − 𝑐𝑐

Where L is a finite value. 

How 𝒇𝒇′(𝒂𝒂) May Fail to Exist . . . 
The following examples will show us how a function will fail to have a derivative at a point where 
there is a corner, a cusp, a vertical tangent line or a discontinuity.

EX #1:  Given the graph of  𝑓𝑓 𝑥𝑥 = 𝑥𝑥 − 1

A. What is 𝑓𝑓′ 𝑥𝑥 as 𝑥𝑥 → 1−

B. What is 𝑓𝑓′(𝑥𝑥) as 𝑥𝑥 → 1+

C. Is f continuous at 𝑥𝑥 = 1 ?

D. Is f differentiable at 𝑥𝑥 = 1 ?

EX #2:  Given the graph of  𝑓𝑓 𝑥𝑥 = 3 𝑥𝑥 , use the alternate form of 
the derivative  lim

𝑥𝑥→𝑐𝑐
𝑓𝑓 𝑥𝑥 − 𝑓𝑓(𝑐𝑐)

𝑥𝑥 − 𝑐𝑐
to show that the function has 

a vertical tangent line at 𝑥𝑥 = 0.
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EX #3:  Given the graph of  𝑓𝑓 𝑥𝑥 = 1
𝑥𝑥+2 2

A. Describe the derivative of f as x approaches negative
two from the left and the right.

B. Given the derivative 𝑓𝑓′ 𝑥𝑥 = −2
𝑥𝑥+2 3 , use the formula 

to evaluate the derivative when 𝑥𝑥 = −2

Differentiability Implies Continuity:

If f is differentiable at 𝑥𝑥 = 𝑐𝑐 , then f is continuous at 𝑥𝑥 = 𝑐𝑐.
1. If a function is differentiable at 𝑥𝑥 = 𝑐𝑐 , then it is continuous at 𝑥𝑥 = 𝑐𝑐 .

So, differentiability implies continuity.
2. It is possible for a function to be continuous at 𝑥𝑥 = 𝑐𝑐 and not be differentiable at  𝑥𝑥 = 𝑐𝑐 .

Continuity does not imply differentiability.

SHARP CORNER, CUSP, VERTICAL TANGENT LINE or DISCONTINUITY

Write the contrapositive to the statement, “If a function is differentiable at x=c, then the function 
is continuous at x=c.

EX #4:  Describe the x-values at which the function  𝑔𝑔 𝑥𝑥 = 𝑥𝑥2 − 5 is differentiable. 
Justify your answer.
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EX #5:  Find all values of x for which the function is differentiable.  

Given:  ℎ 𝑥𝑥 = �
𝑥𝑥 + 1 2 , 𝑥𝑥 ≤ 0
2𝑥𝑥 + 1, 0 < 𝑥𝑥 < 3

4 − 𝑥𝑥 2, 𝑥𝑥 ≥ 3

Piecewise Functions are always challenging.  Not only do the limits of the slopes need to  be 
approaching the same value on either side (piece) of a given x-value, but the function must be 
connected and smooth in order for the function to be differentiable at the given point. 

EX #6: Find the value(s) of the constant a where the function is continuous over all reals.

𝑓𝑓 𝑥𝑥 = � 𝑎𝑎𝑥𝑥
2 − 𝑥𝑥 ;𝑥𝑥 < 3
2𝑎𝑎 ;𝑥𝑥 ≥ 3
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Topic 2.3: Estimating Derivatives of a Function at a Point

EX #7:   Show algebraically, using the alternate form of the 
derivative, why 𝑔𝑔(𝑥𝑥) is not differentiable 
at 𝑥𝑥 = 1.

𝑔𝑔 𝑥𝑥 = �𝑥𝑥
2;𝑥𝑥 ≤ 1
𝑥𝑥 ; 𝑥𝑥 > 1

On the AP Exam you will need to find the numeric derivative of a function at a given point. You can use 
the nDerive( feature on the TI-83+ or TI-84+ and the Derivative at a point feature on the TI-Nspire CX.

TI-83+ or TI-84+ Keystrokes TI-Nspire CX or CX-CAS Keystrokes

MATH>8
Display
Enter: dx
Enter: Function
Enter: x-value
Press: Enter

MENU>4>2
Enter: an  x-value
Enter: function
Press: Enter

EX #8:  Use your calculator to find the derivative of 𝑓𝑓 𝑥𝑥 = 𝑥𝑥2 − 5𝑥𝑥 + 6 at 𝑥𝑥 = −3.  
Express your answer using proper notation.
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EX #9:   Use your calculator to find the derivative of our first three functions in this lesson set.  
Explain any problems* that you encounter. 

A. 𝑓𝑓 𝑥𝑥 = 𝑥𝑥 − 1 at 𝑥𝑥 = 1

B. 𝑓𝑓 𝑥𝑥 = 3 𝑥𝑥 at 𝑥𝑥 = 0

C. 𝑓𝑓 𝑥𝑥 = 1
𝑥𝑥+2 2 at 𝑥𝑥 = −2

EX #10:  Defending your answers.  If you are given that 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) is a differentiable function at 
𝑥𝑥 = 3, explain why each statement below is true.

A. 𝑓𝑓 3 exists

B. lim
𝑥𝑥 →3

𝑓𝑓(𝑥𝑥) exists 

C. lim
𝑥𝑥 → 3

𝑓𝑓 𝑥𝑥 −𝑓𝑓 3
𝑥𝑥−3

D. lim
ℎ → 0

𝑓𝑓 3+ℎ −𝑓𝑓 3
ℎ

* Your calculator is programmed to find derivatives by using the symmetric difference quotient. This can
cause errors. YOU MUST MAKE THE FINAL DECISION BASED ON PROPER ANAYLSIS!
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Lesson 5: Basic Differentiation Rules
Topic 2.5: Applying the Power Rule
Topic 2.6 Derivative Rules: Constant, Sum, Difference, and Constant Multiple

3. The Power Rule:

If n is a rational number then the function 𝑥𝑥𝑛𝑛 is differentiable and   𝑑𝑑
𝑑𝑑𝑑𝑑

𝑥𝑥𝑛𝑛 = n � 𝑥𝑥n−1

EX #1:  Use the power rule to find the derivatives of the following, if:

A.)   𝑦𝑦 = 𝑥𝑥2 B.) 𝑓𝑓 𝑥𝑥 = 𝑥𝑥4 C.) 𝑦𝑦 = 𝑥𝑥

D.)  𝑔𝑔 𝑥𝑥 = 1
𝑑𝑑

E.) 𝑓𝑓 𝑥𝑥 = 1
𝑑𝑑2

F.) 𝑦𝑦 = 1
𝑑𝑑 ⁄2 3

1. Derivative of a Constant Function:

The derivative of a constant function is 0.

For any real number, c :  𝑑𝑑
𝑑𝑑𝑑𝑑

𝑐𝑐 = 0

A.)   𝑦𝑦 = −4 B.) 𝑠𝑠 𝑡𝑡 = 45 C.) 𝑓𝑓 𝑥𝑥 = 0 D.) 𝑦𝑦 = 𝑘𝑘𝑘𝑘
2

x

f (x)

2. The Single Variable Rule:

The derivative of x  is 1.  𝑑𝑑
𝑑𝑑𝑑𝑑

𝑥𝑥 = 1

Think graphically about the line 𝑦𝑦 = 𝑥𝑥.

A.)  𝑓𝑓 𝑥𝑥 = 𝑥𝑥 B.)   𝑠𝑠 𝑡𝑡 = 𝑡𝑡 C.)  𝑥𝑥 𝑡𝑡 = 𝑡𝑡

x

f (x)
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4. The General Power Rule:

The derivative of the term 𝑎𝑎𝑥𝑥𝑛𝑛 , where 𝑎𝑎 and 𝑛𝑛 are real numbers, is 𝑎𝑎 � 𝑛𝑛 𝑥𝑥𝑛𝑛 − 1

EX #2:  Use the general power rule to find the derivatives of the following, if:

A. 𝑦𝑦 = 3𝑥𝑥2 B. 𝑠𝑠 𝑡𝑡 = −5𝑡𝑡3 C. 𝑦𝑦 = 6 𝑥𝑥

D. 𝑔𝑔 𝑥𝑥 = 3
𝑑𝑑2

E. 𝑓𝑓 𝑥𝑥 = 4
𝑑𝑑

F. 𝑦𝑦 = −8
3 𝑑𝑑4

5. The Sum and Difference Rules:

The derivative of a sum or difference is the sum or difference of the derivatives.
𝑑𝑑
𝑑𝑑𝑑𝑑

[𝑓𝑓(𝑥𝑥) + 𝑔𝑔(𝑥𝑥)] = 𝑓𝑓′(𝑥𝑥) + 𝑔𝑔′(𝑥𝑥) and 𝑑𝑑
𝑑𝑑𝑑𝑑

𝑓𝑓 𝑥𝑥 − 𝑔𝑔 𝑥𝑥 = 𝑓𝑓′ 𝑥𝑥 − 𝑔𝑔′(𝑥𝑥)

EX #3:  Use the Sum and Difference Rules to find the derivatives of the following, if:

A. 𝑓𝑓 𝑥𝑥 = 𝑥𝑥3 − 5𝑥𝑥2 + 2𝑥𝑥 − 7 B. 𝑦𝑦 = 2
5
𝑥𝑥5 + 𝑥𝑥4 + 3𝑥𝑥2 − 1

C. 𝑔𝑔 𝑥𝑥 = 3 𝑥𝑥 + 5 𝑥𝑥 D. 𝑦𝑦 = 5𝑥𝑥3/2 − 6𝑥𝑥5/3 + 4
𝑑𝑑
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E. ℎ 𝑥𝑥 = 3𝑥𝑥2 − 4
𝑑𝑑2

+ 2 𝑥𝑥 F. 𝑓𝑓 𝑥𝑥 = 8𝑑𝑑3+ 4𝑑𝑑2− 3
𝑑𝑑

Topic 2.7: Derivatives of cos (x), sin (x), ex and ln (x)

6. Derivatives of Sine, Cosine, and Tangent Functions

EX #4:  The derivative of the sine function is the cosine function. Consider where
the sine function increases, the cosine function is positive and vice versa.

𝑑𝑑
𝑑𝑑𝑥𝑥 sin 𝑥𝑥 =

𝑑𝑑
𝑑𝑑𝑥𝑥 cos𝑥𝑥 =

𝑑𝑑
𝑑𝑑𝑑𝑑

tan 𝑥𝑥 =

Graphing Derivatives with a Calculator

You will enter the function as a function of x, to be evaluated at the value of x, instead of an 
actual number value. 

TI-83+ or TI-84+ TI-Nspire CX 

Use the numeric derivative operation 
(MATH > 8) in the graph editor screen. Use the template menu in the graph editor screen
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𝑑𝑑
𝑑𝑑𝑥𝑥

sin 𝑥𝑥) = 𝑓𝑓′ sin 𝑥𝑥 =
𝑑𝑑
𝑑𝑑𝑥𝑥

cos 𝑥𝑥 = 𝑓𝑓𝑓(cos 𝑥𝑥) =

EX #5:  Using the limit definition for the derivative  𝒇𝒇′(𝒙𝒙) = 𝐥𝐥𝐥𝐥𝐥𝐥
𝒉𝒉→𝟎𝟎

𝒇𝒇 𝒙𝒙+𝒉𝒉 −𝒇𝒇(𝒙𝒙)
𝒉𝒉

we can derive  𝒇𝒇′(𝒙𝒙)
for each of the following trigonometric functions.  You will verify the derivative of the  
sine and cosine functions by using the sum and difference formulas that we learned in 
Pre-Calculus.

Recall:  lim
ℎ→0

sin ℎ
ℎ

= Recall:  lim
ℎ→0

cos ℎ−1
ℎ

=

cos 𝑥𝑥 + ℎ = sin 𝑥𝑥 + ℎ =

A. Show 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

sin 𝑥𝑥 = cos 𝑥𝑥

B. Show  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

cos 𝑥𝑥 = − sin 𝑥𝑥
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7. Derivatives of the Natural Logarithmic and Exponential Functions:

The derivative of y = ex is the only function that has itself as its derivative.
If 𝑓𝑓 𝑥𝑥 = 𝑒𝑒𝑑𝑑 then 𝑓𝑓′ 𝑥𝑥 = 𝑒𝑒𝑑𝑑

Also,

If  𝑓𝑓(𝑥𝑥) = ln 𝑥𝑥 then 𝑓𝑓′ 𝑥𝑥 = 1
𝑑𝑑

, 𝑥𝑥 > 0

EX #6: Use the laws of logarithms to find the derivatives of the following:

A.)   𝑓𝑓 𝑥𝑥 = ln 𝑥𝑥3 B.)   𝑔𝑔 𝑥𝑥 = ln 𝑥𝑥2 � 𝑒𝑒𝑑𝑑

C.)   ℎ 𝑥𝑥 = ln 𝑥𝑥 − 1
𝑑𝑑 D.)    𝑦𝑦 = ln 2𝑒𝑒𝑥𝑥

3𝑑𝑑

E.)    𝑓𝑓 𝑥𝑥 = ln 4𝑥𝑥3𝑒𝑒𝑑𝑑 F.)    𝑔𝑔 𝑥𝑥 = 𝜋𝜋𝑒𝑒𝑑𝑑 − 1
3 𝑑𝑑2
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Lesson 6: The Product and Quotient Rules
Topic 2.8: The Product Rule
Topic 2.9: The Quotient Rule
In building our DERIVATIVE TOOLKIT, we are ready for the power tools! Let’s go. . . 

1. The Product Rule:

If a function is the product of two differentiable functions then the derivative is
“the first times the derivative of the second plus the second times the derivative of the first,”

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑓𝑓 𝑑𝑑 � 𝑔𝑔(𝑑𝑑) = 𝑓𝑓 𝑑𝑑 � 𝑔𝑔′ 𝑑𝑑 + 𝑔𝑔 𝑑𝑑 � 𝑓𝑓′ (𝑑𝑑)

or   “f prime • g, plus f • g prime” 
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑓𝑓 𝑑𝑑 � 𝑔𝑔(𝑑𝑑) = 𝑓𝑓′ 𝑑𝑑 � 𝑔𝑔 𝑑𝑑 + 𝑓𝑓 𝑑𝑑 � 𝑔𝑔′(𝑑𝑑)

EX #1:  Find the derivative of the following:

A. 𝑓𝑓 𝑑𝑑 = 2𝑑𝑑 − 1 (𝑑𝑑 − 4) B. 𝑦𝑦 = 𝑑𝑑2 + 3𝑑𝑑 − 1 (2𝑑𝑑2 − 5)

C. 𝑦𝑦 = 2 sin 𝑑𝑑 cos 𝑑𝑑 D. 𝑔𝑔 𝑑𝑑 = (3𝑒𝑒𝑥𝑥 − 𝑑𝑑2)(𝑑𝑑3 − 1)

Since multiplication and addition are both commutative, the product rule is hard to mix up, unless you 
misunderstand the rules. It’s easy, just take turns on the factors. . . One derivative at a time for each 
term.  

A Cautionary Tale . . . Just don’t confuse the product rule with the limit properties.  
The product rule is incorrectly interpreted as follows: “The derivative of a product of two 
functions f and g is the product of the derivatives of f and g. 

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑓𝑓 𝑑𝑑 � 𝑔𝑔(𝑑𝑑) ≠ 𝑓𝑓′ 𝑑𝑑 � 𝑔𝑔′(𝑑𝑑)
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2. The Quotient Rule:

If a function is the quotient of two differentiable functions then the derivative is
“the denominator times the derivative of the numerator, minus the numerator times
the derivative of the denominator, all divided by the denominator, squared.

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑓𝑓(𝑑𝑑)
𝑔𝑔(𝑑𝑑)

=
𝑔𝑔 𝑑𝑑 𝑓𝑓′ 𝑑𝑑 − 𝑓𝑓 𝑑𝑑 𝑔𝑔′(𝑑𝑑)

𝑔𝑔(𝑑𝑑) 2 ;𝑔𝑔′ 𝑑𝑑 ≠ 0

𝑑𝑑
𝑑𝑑𝑑𝑑

𝐻𝐻𝐻𝐻
𝐿𝐿𝐿𝐿

=
Low di Hi − Hi di Low

Low � Low
; Low ≠ 0

EX #2:  Use the quotient rule to differentiate.

A. 𝑔𝑔 𝑑𝑑 = 2𝑥𝑥3+ 4𝑥𝑥2− 7
𝑥𝑥−5

B. 𝑔𝑔 𝑑𝑑 = 𝑒𝑒𝑥𝑥

𝑥𝑥2 +1

C. 𝑓𝑓 𝑑𝑑 = 𝑙𝑙𝑙𝑙 𝑥𝑥
𝑥𝑥 − 2 D. 𝑦𝑦 = 𝑠𝑠𝑠𝑠𝑙𝑙 𝑥𝑥

1 + 𝑐𝑐𝑐𝑐𝑠𝑠 𝑥𝑥

More Things to Contemplate! 

Subtraction is not commutative, you have to be careful with the quotient rule. 
The quotient rule is NOT to be interpreted as follows: “The derivative of a quotient 

of two functions f and g is the quotient of the derivatives of f and g. 

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑓𝑓 𝑑𝑑
𝑔𝑔(𝑑𝑑)

≠
𝑓𝑓′ 𝑑𝑑
𝑔𝑔′ 𝑑𝑑

;𝑔𝑔 𝑑𝑑 ≠ 0 ,𝑔𝑔′ 𝑑𝑑 ≠ 0

Another Fun Mnemonic:
𝑑𝑑
𝑑𝑑𝑑𝑑

𝐻𝐻𝐻𝐻
𝐻𝐻𝐿𝐿

=
HO di HI − HI di HO

HO � 𝐻𝐻𝐿𝐿
;𝐻𝐻𝐿𝐿 ≠ 0
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EX #3:   Find an equation of the tangent line to the graph of f  at  0, 1 for 𝑓𝑓 𝑑𝑑 = cos 𝑥𝑥
1 − sin 𝑥𝑥

EX #4:  Use the quotient rule to develop the rules for the remaining four trigonometric 
functions.  Rewrite each of the functions in terms of sine and cosine and differentiate.

A. 𝑓𝑓 𝜃𝜃 = 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃

B. 𝑓𝑓 𝜃𝜃 = 𝑐𝑐𝑒𝑒𝑐𝑐 𝜃𝜃

C. 𝑓𝑓 𝜃𝜃 = 𝑡𝑡𝑡𝑡𝑡𝑡 𝜃𝜃

D. 𝑓𝑓 𝜃𝜃 = 𝑐𝑐𝑐𝑐𝑡𝑡 𝜃𝜃
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Memorize the derivatives for all six trigonometric functions:

𝑑𝑑
𝑑𝑑𝜃𝜃

𝑐𝑐𝑠𝑠𝑡𝑡 𝜃𝜃 =
𝑑𝑑
𝑑𝑑𝜃𝜃

𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 =

𝑑𝑑
𝑑𝑑𝜃𝜃

𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 =
𝑑𝑑
𝑑𝑑𝜃𝜃

𝑐𝑐𝑒𝑒𝑐𝑐 𝜃𝜃 =

𝑑𝑑
𝑑𝑑𝜃𝜃

𝑡𝑡𝑡𝑡𝑡𝑡 𝜃𝜃 =
𝑑𝑑
𝑑𝑑𝜃𝜃

𝑐𝑐𝑐𝑐𝑡𝑡 𝜃𝜃 =

EX #5:  Decomposing Fractions with Single Term Denominators 
Using the Constant Multiple Rule to Rewrite

Function Rewrite Differentiate and Simplify 

𝑦𝑦 =
1

𝑑𝑑 − 4

𝑦𝑦 =
6𝑑𝑑

5
2 − 𝑒𝑒𝑥𝑥

𝑑𝑑

𝑦𝑦 =
6𝑑𝑑4 + 𝑑𝑑3 − 2𝑑𝑑

𝑑𝑑

Higher Order Derivatives:

Did you realize that it is possible to take the derivative of a derivative? We will need this ability in the 
study of particle motion and objects in motion, especially related to physics in the near future.

𝑐𝑐 𝑡𝑡 Position Function

𝑣𝑣 𝑡𝑡 = 𝑐𝑐′ 𝑡𝑡 Velocity Function

𝑡𝑡 𝑡𝑡 = 𝑣𝑣′ 𝑡𝑡 = 𝑐𝑐′′ 𝑡𝑡 Acceleration Function

Topic 3.6 Calculating Higher-Order Derivatives 
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First derivative: 𝑦𝑦′ 𝑓𝑓′(𝑑𝑑)
𝑑𝑑𝑦𝑦
𝑑𝑑𝑑𝑑

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑓𝑓 𝑑𝑑

Second derivative: 𝑦𝑦′′ 𝑓𝑓′′(𝑑𝑑) 𝑑𝑑2𝑦𝑦
𝑑𝑑𝑑𝑑2

𝑑𝑑2

𝑑𝑑𝑑𝑑2
𝑓𝑓 𝑑𝑑

Third derivative: 𝑦𝑦′′′ 𝑓𝑓′′′(𝑑𝑑) 𝑑𝑑3𝑦𝑦
𝑑𝑑𝑑𝑑3

𝑑𝑑3

𝑑𝑑𝑑𝑑3
𝑓𝑓 𝑑𝑑

Fourth derivative: 𝑦𝑦(4) 𝑓𝑓(4) 𝑑𝑑 𝑑𝑑4𝑦𝑦
𝑑𝑑𝑑𝑑4

𝑑𝑑4

𝑑𝑑𝑑𝑑4
𝑓𝑓 𝑑𝑑

Topic 2.2: Defining the Derivative of a Function and Using Derivative Notation
Higher Order Derivatives:

EX #6:   For each of the following, find the stated derivative.

A. Find 𝑓𝑓′′ 𝑑𝑑 given 𝑓𝑓 𝑑𝑑 = 3
2
𝑑𝑑3 + 5𝑑𝑑2 − 6𝑑𝑑 + 1 B. Find 𝑓𝑓 5 (𝑑𝑑) if 𝑓𝑓 𝑑𝑑 = −3𝑑𝑑4 + 7𝑑𝑑3 − 10𝑑𝑑

C.  𝑑𝑑
32

𝑑𝑑𝑥𝑥32
[sin 𝑑𝑑 ] D. Find 𝑦𝑦 867 (𝑑𝑑) given 𝑦𝑦 = cos 𝑑𝑑

EX #7:  A potato launcher fires a potato downward, from the top of a 112-foot tall building.  The potato 
hits the ground in two seconds.  Find the initial velocity of the potato.  The position function is  
given as 𝑐𝑐 𝑡𝑡 = −16𝑡𝑡2 + 𝑣𝑣0𝑡𝑡 + 112, where distance 𝑐𝑐 𝑡𝑡 is in feet and time 𝑡𝑡 is in seconds. 
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Lesson 7: Velocity and Other Rates of Change 
Topic 4.1:  Interpreting the Meaning of the Derivative in Context

In this lesson we will begin our journey into application problems related to the derivative function.  If 
you have taken a physics class, this will seem familiar.  The big ideas of straight-line motion will be 
revisited many times throughout our course with increasing difficulty.

Interpreting the Derivative in Context to Real-World Scenarios

We have been using two different notations for derivatives. In Lagrange’s notation the prime mark is 
the most common modern notation, named after Joseph-Louis Lagrange (1736-1813). The original 
notation is credited to Gottfried Wilhelm Leibniz (1646-1716). Leibniz notation is a helpful reminder 
for the units of the derivative of any function 𝑦𝑦 = 𝑓𝑓 𝑥𝑥 . Since the derivative is a division process, the 
units will always be the y-axis units divided by the x-axis units.  For this reason, you too might prefer 
using the Leibniz notation,  𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
on application problems.

EX #1:  Suppose that 𝑠𝑠 = 𝑓𝑓(𝑡𝑡) gives the distance, in  feet,  of an object from a fixed point as a function    
of time, t , in seconds. 
A. What is the common term for 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
?  _________________________________

B. Describe the following notation in real-world terms.  �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝑑𝑑 = 4

C. What is the real-world meaning of 𝑓𝑓′ 4 = 18

EX #2:  Did Neil Armstrong step off the Lunar Module and pick up a moon rock from the surface of the 
moon on July 20, 1969?  If he did, scientists say that the rock would have a velocity of 24 
meters per second (about 86 km/h). The height of the moon rock can be modeled by the 
function 𝑠𝑠 𝑡𝑡 = 24𝑡𝑡 − 0.8𝑡𝑡2 meters in t seconds.

A. Find the velocity and acceleration of the moon rock as a
function of time. (Note: The acceleration will be the
acceleration of gravity on the moon.

B. How long will it take for the rock to reach a maximum height?

C. How high did the rock go?  When did it hit the ground?

Photo Courtesy: NASA.gov
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In our last lesson, we have defined 𝑦𝑦 = 𝑠𝑠 𝑡𝑡 as the position function of a particle or object.  However,  
𝑦𝑦 = 𝑓𝑓(𝑥𝑥) can be used to represent MANY different quantities, such as amount of rainfall, temperature 
of yams, volume of a cone, people infected by a virus, and other situations. The derivative will help us 
discuss how these quantities change at any given moment in time.

EX #3:  Suppose 𝑊𝑊(𝑥𝑥) is the daily quantity of water, in gallons, required by a palm tree of height x feet.
Explain the meaning of each expression in a complete sentence, including units.

A. 𝑊𝑊 25 = 38

B. 𝑊𝑊−1(38) = 25

C. 𝑊𝑊′ 25 = 6

It is an acceptable practice to merely say, ”rate of change” for some moment in time or other event 
to represent the “instantaneous rate of change.” Then there will be other instances where you must 
decipher the task from the scenario.  Let’s look at this case.

EX #4:  Suppose 𝐶𝐶 𝑡𝑡 represents the cost, in dollars per day, to air condition your Florida beach 
house when the temperature outside is 𝑡𝑡 degrees Fahrenheit. 

A. Explain the meaning of 𝐶𝐶′ 90 = 0.37 in a complete sentence.

B. Approximate the cost of air conditioning your beach house when the temperature is  94℉
given that 𝐶𝐶 90 = 2.64 and 𝐶𝐶′ 90 = 0.37.  Show your work that leads to your answer.

Topic 4.3: Rates of Change in Applied Contexts Other Than Motion
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A First Look at Particle Motion:

We have briefly defined particle motion and need to establish some vocabulary and terminology that 
connects position, velocity, and acceleration of an object in motion. These foundations will be used 
throughout our course.

Topic 4.2: Straight-Line Motion: Connecting Position, Velocity, and Acceleration

The function 𝑠𝑠(𝑡𝑡) that gives the position (relative to the origin) of an object as a function of time t is 
called a position function.

Position function:
Consider an object that is moving along a straight line.  These objects can move either horizontally 
or vertically.  Can you give some examples of any object either natural or man-made?

Horizontal 𝒙𝒙 𝒕𝒕 Vertical  𝒔𝒔(𝒕𝒕)

The function 𝑠𝑠(𝑡𝑡) or 𝑥𝑥(𝑡𝑡) gives the position, relative to the origin, of an object as a function of 
time, 𝑡𝑡.  As the object moves, its position changes over time.  Therefore, the velocity function 𝑣𝑣(𝑡𝑡)
is the change of the position function over time.  This is the derivative and we can say that 𝑣𝑣 𝑡𝑡 = 𝑠𝑠′ 𝑡𝑡
or 𝑥𝑥′(𝑡𝑡).   Let's clarify some ideas about motion and direction related to these ideas.

Instantaneous Velocity:

Tells how fast something is going at that exact instant and in which direction.  That is, how the position 
is changing with respect to time represented by

𝑑𝑑𝑠𝑠
𝑑𝑑𝑡𝑡

= 𝑠𝑠′ 𝑡𝑡 = 𝑣𝑣 𝑡𝑡 = lim
∆𝑑𝑑→0

)𝑠𝑠 𝑡𝑡 + ∆𝑡𝑡 − 𝑠𝑠(𝑡𝑡
∆𝑡𝑡

Let’s define the motion of an object 𝑣𝑣(𝑡𝑡) in the table below:

Speed:

Remember that speed does not indicate direction and is not synonymous with velocity. Therefore, the 
speed of an object must be either positive or zero (which means the object is stalled or stopped).  
Speed tells how fast an object is going no matter which direction.  Speed measures the rate at which the 
position changes.   

Speed = velocity

Motion 𝑣𝑣 𝑡𝑡 > 0 𝑣𝑣 𝑡𝑡 < 0 𝑣𝑣 𝑡𝑡 = 0

Horizontal Line 

Vertical Line 
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Motion 𝑎𝑎 𝑡𝑡 > 0 𝑎𝑎 𝑡𝑡 < 0 𝑎𝑎 𝑡𝑡 = 0

Horizontal Line 

Vertical Line 

Acceleration:

Acceleration is the instantaneous rate of change of velocity.  It tells how quickly the body speeds up or 
slows down; how fast the velocity is changing with respect to time.

𝑠𝑠′′ 𝑡𝑡 =
𝑑𝑑2𝑠𝑠
𝑑𝑑𝑡𝑡2

= 𝑣𝑣′ 𝑡𝑡 =
𝑑𝑑𝑣𝑣
𝑑𝑑𝑡𝑡

= 𝑎𝑎(𝑡𝑡)

Just because an object’s acceleration is zero doesn’t mean that the object is stopped.  Think about the 
cruise control on a car. It simply means that the velocity isn’t changing.  The acceleration function 
behavior can be summarized in the table below:

TECHNIQUES FOR SPEEDING UP AND SLOWING DOWN:

The speed of an object is increasing when it is moving away from the x-axis of a velocity-time graph.  
Likewise, the speed decreasing when the object moves towards the x-axis.  Without the aid of a graph, 
we know the following relationships.

 If velocity and acceleration have the same sign, the object is speeding up.

 If velocity and acceleration have opposite signs, the object is slowing down.

Sign of Velocity Sign of 
Acceleration Object’s Speed is:

+ + Increasing

— — Increasing

+ — Decreasing

— + Decreasing
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Reading Position and Velocity Graphs

In calculus, we are often asked to analyze motion graphs. Understanding the differences between a 
position vs. time graph and a velocity vs. time graph will prove to be important. For students who have 
not had a physics course, here is a brief discussion.  For many graphs, both the slope of the line and the 
area between the line and the horizontal axis have physical meanings.

Position vs. Time Graphs

What does the slope of a position vs. time graph tell you
about the object?

What does the x-intercept of a position vs. time graph tell 
you about the motion of an object?

Velocity �⃗�𝑣 = ∆𝑑𝑑
∆𝑑𝑑

Velocity vs. Time Graphs

Consider an object moves at a constant velocity 
of  5 feet per second, shown at right. Since velocity 
is positive, we know the object is moving to the right. 
How far has the object traveled after 6 seconds?

�⃗�𝑣 = 5
𝑓𝑓𝑡𝑡
𝑠𝑠𝑠𝑠𝑠𝑠

What does the area under the velocity vs. time graph
tell you about the motion of an object?

What does the slope of the velocity vs. time graph tell you about the object?

What does the x-intercept on the velocity vs. time graph tell you about the object?

∆𝑡𝑡

∆𝑠𝑠di
st

an
ce

time
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1. When is the particle moving at a constant
speed?

2. When is the particle moving to the right?

3. When is it moving to the left?

4. When is the particle speeding up?

5. When is it slowing down? 6. When is the velocity increasing?

7. When is the velocity decreasing? 8. Are your answers to questions 6 & 7 the same
as your answers to 4 & 5 respectively? Explain.

9. How fast is the particle moving at time 𝑡𝑡 = 4,
and in what direction?

10. What is the particle’s velocity at time  𝑡𝑡 = 4 ?

11. What is the average velocity over the time
interval  2 < 𝑡𝑡 < 3 ?

12. When does the particle change direction?

13. How far does the particle move during the
first second and which way?

14. How far to the right does the particle go and
when does it arrive there?

15. What is the total distance traveled by the
particle?

16. What is the particle’s position after 5 seconds?

EX #5: The graph at right shows the velocity of a particle moving along a coordinate line.  Assume that 
the positive direction is to the right, answer the following.
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17. What is the average velocity of the particle
over the 5 second time interval?

18. Are your answers to questions 15 & 16 the
same? Explain.

19. What is the average speed over this 5 second
interval?

20. What is the particle’s acceleration over the 1st

second?  What does your answer mean?

21. Over what time interval(s) does the particle
have positive acceleration?

22. Over what time interval(s) does it have
negative acceleration?

23. When is the acceleration undefined on the
interval 0 < 𝑡𝑡 < 5 ?

24. State an interval of time when the particle has
positive acceleration but is slowing down.

25. State an interval when the acceleration is
negative but the particle is speeding up?

26. What is the particle’s acceleration over the
time interval (3, 4) ?

27. What is the particle’s average acceleration
over the entire 5 second time interval?

28. Over what time interval is the particle’s
velocity decreasing at a rate of 5 feet/sec
every second?

EX #6:  Complete the table below to find all the possibilities for an object’s motion.  Remember that an 
object’s velocity is either positive (moving right/up), negative (moving left/down) or zero 
(stopped). Also, that an object’s acceleration is either positive, negative or zero (constant).

𝒂𝒂 𝒕𝒕 > 𝟎𝟎 𝒂𝒂 𝒕𝒕 < 𝟎𝟎 𝒂𝒂 𝒕𝒕 = 𝟎𝟎

𝒗𝒗 𝒕𝒕 > 𝟎𝟎

𝒗𝒗 𝒕𝒕 < 𝟎𝟎

𝒗𝒗 𝒕𝒕 = 𝟎𝟎
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EX #7:  A model rocket is launched vertically upward from ground level with an initial velocity 
of  114 ft/sec.  The position of the rocket can be modeled by:  𝑠𝑠 𝑡𝑡 = −16𝑡𝑡2 + 114𝑡𝑡.

A. Find the velocity and speed of the rocket at 𝑡𝑡 = 5 seconds.

B. Is the rocket speeding up or slowing down at 𝑡𝑡 = 5 ?  Explain how you know.

C. What is the maximum height the rocket will rise?

D. What is the speed of the rocket when it hits the ground?

Terminology Definition

Displacement over 
an interval [𝒂𝒂,𝒃𝒃] the total change in position 𝑠𝑠 𝑏𝑏 − 𝑠𝑠(𝑎𝑎)

Average Velocity 
displacement
elapsed time =

𝑠𝑠 𝑏𝑏 − 𝑠𝑠 𝑎𝑎
𝑏𝑏 − 𝑎𝑎 = 𝑚𝑚secant

Velocity at time t:  𝑠𝑠′ 𝑡𝑡 = 𝑣𝑣 𝑡𝑡 = 𝑚𝑚tangent

Speed |velocity| = 𝑣𝑣(𝑡𝑡) = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

Distance Traveled The sum of the absolute values of the distances between turning 
points

Direction changes

When velocity changes from either positive to negative or 
negative to positive at a point (time) Velocity does not need to 
pass through zero or even be defined at a point where it’s sign 
changes in order for direction to change.
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The Effect of a One-Unit Change

We know that for very small values of h, the approximation of the derivative can be found by the 
difference quotient.  It can be shown that the approximation can be found when ℎ = 1.  
That is,

)𝑓𝑓′ 𝑥𝑥0 ≈ 𝑓𝑓 𝑥𝑥0+1 − 𝑓𝑓(𝑥𝑥0

To clarify, 𝑓𝑓′ 𝑥𝑥 is approximately equal to the change in f caused by a one-unit change in 𝑥𝑥 when 
𝑥𝑥 = 𝑥𝑥0.

EX #8:  For speeds between 𝑠𝑠 = 30 mph and 𝑠𝑠 = 75 mph, the stopping distance, after the brakes are 
applied for a vehicle can be modeled by the formula 𝐹𝐹(𝑠𝑠) = 1.1𝑠𝑠 + 0.05𝑠𝑠2 feet. For a vehicle 
traveling at 65 mph:

A. Find the actual stopping distance at 65 mph and 66 mph.  What is the stopping distance
needed for an increase in speed by 1 mph?

B. Estimate the change in stopping distance if the speed is increased by 1 mph by using the
instantaneous rate of change at s = 65 mph.

C. Then, compare this estimate with the actual increase in stopping distance.
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